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1. GENERALITIES AND NOTATIONS 
Let us recall some definitions of [CHI], [ROB], [HEE]. A 
homogeneous form f(xi ,..., x,) of degree d with coefficients in a field F has 
a finite linearisation if for some m there are m x m matrices a, ,..., a, with 
entries in F such that 
(MIX1 + ... + anxJd=f(x, )...) x,)I, 
where I is the identity matrix. m is called the rank of the linearisation. 
From here on we assume that F is algebraically closed. It is clear that as far 
as the existence of finite linearisations is concerned, this is no restriction. 
We also assume that char(F) = 0. This is to avoid technicalities of 
geometrical nature. It is known that f has a finite linearisation in the 
following cases 
(a) d= 2 and IZ arbitrary (this is classical). 
(b) d arbitrary and IZ = 2 [CHI]. 
The first unknown case is the case (d, n) = (3, 3). We show in this note that 
if the cubic curve determined by the homogeneous equation 
f(X,, X,, X,) = 0 is nonsingular then f has a finite linearisation. Finite 
linearisations off correspond to matrix representations of the generalised 
Clifford algebra C, defined as follows. Let F(x, ,..., x,) be the free 
associative algebra in n-variables over F and let C,-= F(x, ,..., x,)/I, where 
1 is the ideal generated by the elements 
(a1 x1 + . . . + a,X,)d -f(q ,..., a,) 
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for all al,..., CX, in F. Two representations ~$i : C,-+ 
are equivalent if there is a 9 in M,(F) such that 
shown that is f is a nondegenerate form of degre 
6, is an Azumaya algebra over an affine elliptic c 
a different interpretation of this result. We also show that in the case n = 2, 
da 4 Cf is not even P.I. In this paper we will also use a different inter- 
pretation of linearisations of forms. Let R = F[xi,...: x,] be graded 
deg(x,) = 1 and let S,= R(,$) = R[X]/(Xn -S) where the gradation on 
by 
extends in a natural way to S,. Suppose that 
f(x,,..., x*)= (ollX1 + “’ +a,xJd: 
%I ,...) a,, E M,(F) is a finite linearisation of,/: Then there is a natural graded 
ring map $r: S, + M,(R) obtained by sending fi to s(rxI + “.. +cl,x,. 
Conversely, such a map, compatible with the R-structure corresponds to a 
finite linearisation off: Via the map q5r R” becomes a graded SJ-module in 
the usual way. Since both R and Sf are generated by elements of degree one 
it makes sense to define X= Proj R( =P;I- ‘) and Yi= Proj SF The 
inclusion R -+ S then defines a structure map $: Y,.-+ X. 
ecomes a 3 i 0 ,,-module. 
1. PROPOSITION. There is a one-one correspondence between: 
(1) Equivalence classes of finite linearisations qf f (we cali two 
iinearisations equivalent zj’ they correspond to equivalent represe~tat~~~s of 
C,). 
(2) Graded isomorphism classes of graded S reflexive S-modules that 
are isomorphic to R” for some m as R-modtiles. 
(3) Isomorphism classes of reflexive 0 y,-modules .A? such that 
$*A? N 0;. 
ProoJ The correspondence between (2) and (3) follows from the fact 
that there is a one to one correspondence between graded reflexive S,- 
modules and reflexive 0 ,,-modules. Suppose that f = (a I xi + . . + CX~X, )d 
and f= (oI;xI + ..’ CI~X,)~ are two equivalent linearisations off: i.e., there is 
a 8 E M,(F) such that ai = Qa,Q-‘. If 4r and 4; are the maps 
corresponding to this linearisations then clearly c#;= 134f6p I. Let 
the corresponding S-modules. As R-modules P, P’ are free and 
may represent elements as tuples (a,)i, aiE R. 
(ai)i + (C 8,a,), is a graded S-isomorphism between B and P’. 
Conversely suppose that P= R”, P’= R” with S-module str~~t~~e 
induced from graded maps +/, I$;: S, --+ M,(R). Suppose that there is a 
graded S-module isomorphism r,k P + P’. $ represents an element of 
(Hom(P, P’)),= (M,(R)),= M,(F). Call this element 6. From the fact 
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that 8 is an S-module isomorphism it follows easily that di;= &+MP ‘. Now it 
is easy to check that this implies that the linearisations corresponding to 
fjr, 4; are equivalent. 
2. COROLLARY. Suppose that f =g’ and that g is not a power. Then the 
rank of a linearisation off is divisible by d/l. 
41 41 
ProoJ: Under the given hypothesis S,P Oltimes R(.&) where R(h) is 
a domain. It is clear that any torsion free S-module has an R-rank divisible 
by d/l. A representation q5: C, -+ M,(F) is reducible if it is equivalent to a 
representation of the form 
411 412 
( ) 0 422 
Here $,, , & will correspond to representations of lower rank. A represen- 
tation that is not reducible is called irreducible. If P is the Ff-module 
corresponding to an irreducible representation then P has no graded sub- 
modules graded isomorphic to Rk as R-module. Similarly, if ~2’ is the 
corresponding O,,-module then ~2’ will have no submodules JV such that 
$,Jf = 0:. In the sequel we will always assume that I’, is regular. This is 
a reasonable condition on f as the following lemma shows. 
3. LEMMA. The hyper surface Yr with homogeneous equation F, 
zd =fW, >"'> X,,) 
is regular if and only if the hypersurface with equation 
fW, ,'.., X,) = 0 
is regular. 
ProoJ: We look at solutions of the equations 
i.e., 
dF -=o, $0 )...) $0, az 1 n 
&y-1=0, 320 
ax1 
x=0. 
‘-.’ ax, 
Such a set of equations has a nontrivial solution if and only if 
g=o,..., $0 
1 n 
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has a nontrivial solution, i.e., if and only iSf= 0 represents a nonregular 
hyper surface. The puli back of O,(I) (the class of a ~y~~r~la~e~ gives a 
line bundle on Yf which wiil be denoted by S( 1). f 9 is a quasicoherent 
sheaf on Y,- then F”(n) = 4 @ O(n). 
2. THE CASE TIIAT~IS A 
In this case Yi is a curve (when we speak of curves we mean nonsingular 
projective curves) of genus (d- 1 )(d - 2)/2. The reguhrity of Y, im 
that f is square free. In case d= 3 [HAI] shows (by explicit calcula 
that Cf is an Azumaya algebra over an shine elliptic curve. T 
particular that any irreducible representation of C, has rank 3. 
a different proof of this last results. We also show that these re 
are parametrised in a natural way by an affine elliptic curve. This gives an 
explanation for the structure of the center of C,. The method can also be 
used to attack the case d> 3. Unfortunately the result is rather negative. 
There are irreducible representations of Cf of arbitrary high rank. This 
show in particular that Cf is not finite over its center. 
In the sequel we will extensively use the faact that torsion free coherent 
sheaves on a curve are vector bundles. If 8 is a vector bundle on a curve we 
denote by deg(b) the degree of 8, i.e., the degree of the highest exterior 
power. The Riemann-Roth theorem for vector bundles says 
x(8) = rk(d)(l -g) + deg($), 
where g is the genus of the curve and rk(B) denotes the rank of 8. 
C -+ D is a cover of curves with genus, respectively, gc and g, and if 8 is a 
vector bundle of rank r on C then there is a simple relation between degjd) 
and deg($,Q). 
x(~)=r(l -g,)+kd6) 
and 
x(&)=~($*b)=rd(l -g,)+deg($*dj, 
where d is the degree of Ic/. Hence 
deg(b)=rd(I -g,-r(I -gc)+degj$*6) (1) 
In particular if D N Pi. and $* 67 = O$ then deg(B) = r(d- I + gc). 
2.1. The Case d=3 
In this case g = f and we can use the description of [ATI] of vector 
bundles on elliptic curves to obtain a description of the irreducible 
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representations of C,. We use the following simple criterium for vector 
bundles corresponding to finite linearisations of J: 
1. PROPOSITION. There is a one-one correspondence between finite 
linearisations of f and vector bundles Q of rank r on Y, such that 
dim H”( I’,, 8) = 3r and dim @( Yr, 8( - 1)) = 0. 
Proof. This follows from the fact that on Pk any vector bundle is the 
sum of line bundles. If $*& = C:r; r O(q) and dim @(X, $,a) = 3r, 
dim @(X, $,(a( - 1)) = 0 then nj = 0, Vi. The converse is trivial. 
In this section we denote condition dim @‘(Y,-, 8) = 3r, 
dimE?‘(Yf, 6(-l))=O by a*. 
2. PROPOSITION. There is a one-to-one correspondence between line bun- 
dles of degree 3 on rf not isomorphic to 0( 1) and irreducible representations 
of c,. 
Proof. Let 2 be such a line bundle. By Riemann-Roth: 
dim@(Yf,.9?)=deg9+dimIi0(Y~,9-‘)=3 
and 
dim@(Yf,9’-l))=degP-3+dim@(Yf,dp-l(l))=0 
since 9-‘(l) #O,. Hence 9 corresponds to a finite linearisation off: 
Conversely let 8 be some vector bundle of rank r on Yr satisfying *. We 
will show that d has a sub line bundle of degree 3 not isomorphic to 0( 1). 
First suppose that d=d,@cff2. Then O>=tj,&=$,&i@$,&. Therefore 
$,& = 0;;. So we may assume that I is in decomposable: deg G( - 1) = 
3r - 3r = 0. By Theorem 5 of [ATI] G( - 1) contains a degree zero sub line 
bundle 2”. This line bundle is not isomorphic to 0, since 
dim P(X, &‘( - 1)) = 0. Hence F contains a sub line bundle 2’( 1) of degree 
3 not isomorphic to 0( 1). 
The line bundles of degrees 3 on 0 rf not isomorphic to 0( 1) are in one- 
to-one correspondence with the points of Y,- 0 where 0 E Y,. So 
irreducible representations of C, are in one-to-one correspondence with the 
closed points of an afline elliptic curve. 
2.2. The case d> 3 
A vector bundle 9 on a curve C of genus g is called stable (semistable) if 
for every nonzero subbundle 9 with 9 #F 
deg 9/i-k 9 < deg F/rk 9J ( < ) 
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[MUM]. It is easy to see that in this definition subbundle m 
by submodule. It is clear that on Ph there are no sta 
rank > 1. The only semistable ones are those of the form 
O(k). Any semistable vector bundle F has a filtration 
such that .e,, 1% is stable and deg(z+ , /.E)/rk(e+ i/5$) = deg F-/rk 9. It 
can be shown (Jordan Holder) that 
is uniquely determined by 9. Stable vector bundles on a curve of rank Y 
and degree d have a coarse moduli space denoted by M’(Y, d). ‘(r, d) has 
a natural compactification to a projective variety (r, d). The poll of 
M(r, d) correspond to classes of semistable bundles under some 
equivalence relation. In fact: two semistable bundles determine the same 
point of M(r, d) if and only if gr 9 N gr 9’. M’(Y, d) is non empty if g = 1, 
(r, d) # ! and if g > 1. If 8 is a vector bundle on T x C where C is a curve 
and T is an arbitrary variety then 
TS= (TV Tl&‘( is stable) 
and 
Tss = ( t E T / 8, is semistable > 
are open in T. [NEW p. 1421. 
1. ~~vIMA. If $1 C --+ D is a cover of curveS and 9 is n vector bundle on 
C then 9 iz semistable if I/J, 9 is semistable. 
Prooj Let d be the degree of $. If 9 is a vector bundle on 9 then (by 
Eq. (1)) 
deg $,9/i-k $*G? = 
deg??+rkg(l-g,-d’(l-g,)) 
rk 9.d 
1 deg9 l-g, 
=drk+ d 
-- I +g,. 
From this the lemma follows directly. 
So finite representations give rise to semistable vector bundles on Y, 
claim that irreducible representations correspond to stable ones. Sup 
that 6 is a stable vector bundle on Y, with $, G = O?. If F is a submodule 
of d then deg F/i-k 9 < deg 6/rk 8 but by Eq. (2) this implies that 
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deg $ * F”/rk $ * 9 < deg $ * /rk +!I * & = 0. Therefore $ * F cannot be of the 
form Ok. Conversely suppose that Q is semistable with $,S = 0;. If 
9 G & such that deg &Irk 8 = deg P/i-k F then deg $ * F = 0 and hence F 
must be of the form Ot,. Therefore we have almost proved the following 
characterisation of vector bundles on Yr corresponding to irreducible 
representations of C, 
2. LEMMA. (a) Finite representations of Cf correspond to vector bundles 
on Yr of rank r and degree r(d - 1+ g) such that @( Yr, 8( - 1)) = 0. Such 
vector bundles are automatically semistable. 
(b) Among the vector bundles satisfying the conditions of a, the stable 
ones correspond to irreducible representations. 
Proof. Using Eq. (1) and the fact that on X every vector bundle is the 
sum of line bundles it is easily seen that the hypothesis in (a) imply that 
**l% = og. 
Lemma 5.2 in [NEW] implies that for a semistable vector bundle 8 on a 
curve there is a number k, depending only on the rank and the degree of 8 
such that if k> kO, b(k) is generated by global sections. Hence if d is a 
semistable vector bundle of rank r and degree r(d - 1 + g) then d may be 
written as an extension 
O+O(-k)‘-‘+&G-+0, (*) 
where 9 is a line bundle of degree r(d - 1 + g) + kd(r - 1). Multiplying * 
with 9-l and taking the associated cohomology sequence yields a map 
PC?,-, O+H1(Yf, 9+-k)‘-‘). 
The image s of 1 under this map determines the isomorphism class of the 
extension *. Let J( Yf) denote the Jacobian of Y,.and let A be the universal 
line bundle of degree r(d- 1 + g) + kd(r - 1) on Y,x J( Y,); i.e., every line 
bundle of degree r(d - 1 + g) + kd(r - 1) on Y, is of the form A%‘~, s E J( Y,). 
If p denotes the projection Yfx J( Yf) + J( I’,) then the affine bundle 
V-+ J( Y,) corresponding to R’p,(&-‘( -k)‘-‘) parametrises all exten- 
sions of the form * (allowing 3’ to vary). If k is chosen large enough 
then dim H’( Yr, 9-‘( -k)‘- ‘) is independent of 9 and hence 
R’p,(&!‘~ ‘( -k)‘- ‘) is locally free. So. we may assume that V is irreducible. 
We claim that the open subset of V corresponding to vector bundles d such 
that dim @‘( Yr, 6’( - 1)) = 0 is non empty. Since the subset of V 
corresponding to stable vector bundles is also open and non empty this 
proves that there are vector bundles on Y, satisfying the conditions of Lem- 
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ma 2(b). Fix a certain 9. We have to show t at there is an 
~EH’(Y~, di4-‘(-k)‘-‘) such that the map 
(ls3: HyYf, L?-l))-H’(Yf, 0(-k- I)‘-‘) 
obtained from the extension corresponding to s is injective. ne can verify 
(e.g., using eech cohomology) that c$,~(?) = d(s, ?) where d denotes the 
canonical pairing 
d: W(Yf, 9-‘(-k)‘-“)xH”(Y,, 9(-l))+ 
y Serre duality there are non singular pairings 
e: if’(~~,~--‘(-k)“~‘)xHO(Y,-,~(k)w;~’)~hP’(~~’,,w,)-k 
and 
f: p,u’(~~,O(-k-l)‘-‘)xHO(Yf,O(k+l)o;~’)~ 
These pairings are compatible with d in the sense that f(d(x, y), z) = 
e(x. g( y, z)) where g is the pairing 
s corresponds to an element B of @(Yf, .Pco,Jk)+ ‘)* in such a way that 
tl(x)=e(s,x). Let 41.: HO(Yf,~(-l))-tHO(~~/f,o,,(ki4)‘-”)* be the 
efined as &(X)(Y) =f (4,(x), ~1. Then 4Xx)(v) =fi4,(x), 
,f(d(s, x), y] = e(s, g(x, y)) = 0( g(x, y)). Now 1 E, E’, G denote, re 
tively, the vector spaces N”( Yr, .T( - I)), (Yf, w,(k+ I)‘-‘), an 
(Y,, cur, 9(k)‘P ‘). For each x in E, g(x, E’) is a subspace of G which 
we will denote by 6,. It is clear that dim G, = dim E’. q5, will be injective if 
and only if no G,X is contained in ker 9. Now the following lemma does the 
trick. 
3. LEMMA. Suppose that (G,),,” is a set of a-dimensional subspaces qf a 
finite dimensional vector spaces G parametrised by a b di~e~sio~~a~ variety U. 
Suppose that b < a - 1. Then a general hyperplane of G will not contain any 
of the 6,. 
Proof: Let c be the dimension G. For x E U define 
B, = ( H c G 1 H hyperplane and 
and let = UrE” B,. B is a subset of L = (Hc G / H ~y~er~la~e~. 
there is a natural structure of a variety and B can be given the structure of 
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a subvariety of L. Then dim B d dim U + dim B, = b + c - a < c - 1 which 
is strictly smaller than c. Hence the conclusion follows. 
Since the (G,), are a set of subspaces of G parametrised by E/F* it suf- 
fices to show that dim Ed dim E’. 
The dimension of E and E’ can be calculated by Riemann-Roth. 
and 
dimE’=(r-l)(l-g+2g-2+d(k+l))=(r-l)(g-l+d+kd). 
So we have proved. 
4. THEOREM. If f is a form in two variables and degree > 3 such that f is 
not divisible by a square then there are irreducible representations of c, of 
arbitrary high rank. 
3. THE CASE THAT f Is A TERNARY FORM OF DEGREE THREE 
In this case Y, is a cubic hypersurface in Pi. We assume as before that Y, 
is nonsingular. Our aim is to show that f has a linearisation of rank 3. To 
this end we will construct a divisor A on Y, such that $,9(‘(A) > 0:. 
It is well known that Y, can be obtained by blowing up six points of a 
projective plane where no three of them are colinear and not all ly on a 
conic [WAR]. Denote by El,..., E, the corresponding exceptional curves 
and let L denote the pull back of a straight line in P$ Then the following is 
true. 
1. PROPOSITION. (a) Pic( Y,) N Z7 generated by L, El,..., E,. 
(b) The intersection pairing on Y, is given by L2= 1, E:= -1, 
L.E, = 0, Ei. Ei = 0 for i # j. 
(c) A hyperplane section H is linearly equivalent to 3L - 1 Ei. 
(d) - 3L + C E, = -H is a canonical divisor K. 
(e) Ample divisors on Y, are equivalent to aL-C b,E, where bi>O, 
a > bi + b, for i #j and 2a > Cizj bi for each j. 
(f) The arithmetic genus pa of Y, is 0. 
Proof (a), (b), (c), (d), and (e) are in the chapter of [HAR] about 
cubic surfaces. (f) is CHAR, V 3.51. 
2. LEMMA. O(l)- 9(H). 
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Pp.oof: Let XC Ps and yic P& respectively, be given by X4 = 0 an 
Xi =f(X, , X2, A’,). Then there is a commutative diagram 
where $ is given by projection from the point (0, 0, 0, 1). Denote this pro- 
jection by p. Let H’ be a straight line on X. Then 11/- “(H’) =p-‘(41’) n 
Y,w M. This proves the lemma. 
Let A = L and let ~2 = A?(A). For simplicity of notation we will consider 
d also as an 0, module (i.e., we will temporarily drop $,). Then 
g = II~rn~~(d: 0,) has a natural structure as an 0 ,,-module. B is equal 
to 
d-’ Oo, Homo,(Qyf, 0,). 
f 
om,,(O r,, 0,) is the different of YfIX and is in our situation 2 times 
ramification locus on $. In diagram (*) Xn $ is given 
,{(A’, , X,, X,) = 0 and this is exactly the ramification locus. Xn Y,-is clearly 
lineary equivalent to H. Hence 
.B CT.Z d - ‘T(2H) N 9(5L - 2E, - . . - 2E,) rr 3’(B). 
We will calculate the dimension of 
and 
P( Yf, d(n)) = Hy Y,., LqA + nH)) 
Ho( Yf, B(n)) = Hy Yf, 9( 
First note that if n < 0 then 
A+nH.H<Q and B+FZH.HQ.3. 
IIence if n < 0 then /A + nHJ and IB + nHl are empty. Suppose that n 3 0. 
Using Proposition 1.e one checks that A + nH-- K and 
ample and hence by the Kodaira vanishing theorem [ 
H’( Y,, d(n)) = H1( Y,, B(n)) = 0. Furthermore 
A+nH.H>K.H and B-i-HH.H>K. 
and hence by CHAR, p. 3431 
H2( rf, d’(n)) = H’( Yf, c!%(n)) = 
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Therefore we obtain by the Riemann-Roth theorem for surfaces 
dim p( Yf, d(n)) = ;(A + nH).(A + nH-- K) + 1 
=;(A+nH).(A+(n+l)H)+l 
=5(3n+ 1)(3n+4)-3n(n+ l)+ 1 
(*I 
and similarly 
We claim that $, d N O’, let M, N be graded reflexive R-modules such 
that I$? = $I, d and fi= $,B. From the construction of &? it follows that 
N = M*. Since gl dim R = 3 there is a graded resolution 
O+F, -+R3QF2+M+0. 
From (*) one deduces that dimJF,),,=dim.(F,), and hence F, z F2. 
Dualising yields 
but using (**) one deduces that the right most map is surjective. Hence the 
sequence splits and therefore M* 2: R3. This implies that MN R3 and 
$*d=Oo:. 
So we have proved. 
2. THEOREM. Iff is a ternary form of degree three such that the projec- 
tive curve f (X,, X2, X,) = 0 is nonsingular then f has a linearisation of 
rank 3. 
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